abstract: Fires play an important role in determining the composition and structure of vegetation in semiarid ecosystems. The study of the interactions between fire and vegetation requires a stochastic approach because of the random and unpredictable nature of fire occurrences. To this end, this article develops a minimalist probabilistic framework to investigate the impact of intermittent fire occurrences on the temporal dynamics of vegetation. This framework is used to analyze the emergence of statistically stable conditions favorable to tree-grass coexistence in savannas. It is found that these conditions can be induced and stabilized by the stochastic fire regime. A decrease in fire frequency leads to bush encroachment, while more frequent and intense fires favor savanna-to-grassland conversions. The positive feedback between fires and vegetation can convert states of tree-grass coexistence in semiarid savannas into bistable conditions, with both woodland and grassland as possible, though mutually exclusive, stable states of the system.
of tree-grass codominance is still missing (e.g., Sankaran et al. 2004) . Known as the "savanna question" (Sarmiento 1984) , the explanation of tree-grass coexistence remains one of the most intriguing unresolved issues in ecology (Scholes and Archer 1997; House et al. 2003) . This question is relevant to the understanding of savanna dynamics and to the prediction of their responses to different climate and disturbance regimes.
Current theories of tree-grass coexistence are based on either interspecies competition (e.g., Walter 1971; Walker and Noy-Meir 1982; Eagleson and Segarra 1985) or demographic dynamics resulting from vegetation-disturbance interactions (e.g., Higgins et al. 2000; Sankaran et al. 2004 ). While competition-based models invoke the existence of spatial or temporal niche separation in resource availability (Walter 1971; Walker et al. 1981; House et al. 2003) , the so-called demographic (or disequilibrium) theories (e.g., Scholes and Archer 1997; Sankaran et al. 2004 ) recognize the crucial role played by fires and herbivores in savannas (e.g., Higgins et al. 2000; Anderies et al. 2002; van Wijk and Rodriguez-Iturbe 2002) . These "demographic" theories suggest that in the absence of disturbances, semiarid landscapes would be dominated by either grasses or trees (equilibrium state), depending on climate and soil properties (Sala et al. 1997) . Fires, grazing, or browsing keep the system away from this equilibrium state (Higgins et al. 2000; Sankaran et al. 2004) , providing conditions favorable to coexistence. In this article we focus on the case of demographic-based mechanisms and investigate whether the persistence of tree-grass mixed configurations can be induced by disturbances such as fires.
The two-way interactions between disturbances and vegetation are known to play an important role in arid and semiarid ecosystems (e.g., Van Auken 2000) . Disturbances, such as fires, grazing, and browsing, concur in determining the relative abundance of woody vegetation and grasses in these ecosystems. On the other hand, vegetation affects the disturbance regime. For example, fires rely on fuel loads provided by grasses, and their frequency is observed to increase with increasing values of grass biomass (e.g., van Wilgen et al. 2003) . Fires, in turn, favor grasses by damaging adult trees and enhancing the mortality of seedlings. As a result, fire-prone landscapes tend to be dominated by grasses and to exhibit only a relatively open canopy of trees and shrubs. By eating palatable grasses, grazers deplete grass biomass and, in turn, reduce the fire frequency. Thus, grazing favors tree dominance both directly and indirectly through changes in the fire regime (e.g., Anderies et al. 2002) . Browsers and wood harvesting deplete the tree biomass and keep an open canopy of woody vegetation (e.g., Dublin et al. 1990) . Figure  1 shows how changes in these disturbance regimes may affect the structure of semiarid ecosystems. In particular, fire suppression, reduced browsing pressure, and overgrazing may trigger a self-sustained sequence of processes leading to the phenomenon of bush encroachment (Archer et al. 1988; Archer 1989; Schlesinger et al. 1990; Anderies et al. 2002; Scholes et al. 2003; van Langevelde et al. 2003; van Wilgen et al. 2003) . Inversely, an increase in fire frequency or a decrease in browsing pressure may lead the system into a state dominated by grasses, as observed in some woodland ecosystems (Dublin et al. 1990 ) and in long-term burn experiments van Wilgen et al. 2003) .
The analysis of these complex dynamics has often been carried out either through lumped deterministic models (Anderies et al. 2002; van Langevelde et al. 2003) or through stochastic and spatially explicit numerical simulations (Higgins et al. 2000; van Wijk and Rodriguez-Iturbe 2002) . While the intermittent and unpredictable nature of fire occurrences suggests using the stochastic approach, minimalist lumped models lend themselves to analytical solutions, which allow exploration of important properties of these systems. The goal of this study is to develop a minimalist probabilistic framework for the analysis of spatially lumped vegetation dynamics in fire-prone semiarid ecosystems. This framework is mainly of conceptual value and is used to study general properties of the system rather than to make accurate predictions of its state. In particular, this model is used to investigate whether fire dynamics alone can explain tree-grass coexistence and the occurrence of multiple stable states in these ecosystems. In fact, some ecological models predict the emergence of these dynamic behaviors on the basis of interactions between vegetation and two or more different disturbances such as herbivores and fires (Dublin et al. 1990; Anderies et al. 2002; van Langevelde et al. 2003) . It remains unclear whether fire dynamics alone can induce either tree-grass coexistence or the emergence of multiple stable states without invoking tree-grass competition or the intervention of other disturbances. The same framework is used to assess the sensitivity of savannas to shifts in the fire regime and to positive feedbacks between fires and grass biomass. Understanding these features of semiarid ecosystems is of foremost importance to predict how fire-prone semiarid landscapes will respond to changes in disturbance regime (e.g., Archer et al. 1988; Archer 1989; Schlesinger et al. 1990; Scheffer et al. 2001) .
Modeling Approach
The dynamics of savanna ecosystems can be modeled using a variety of approaches (e.g., Sankaran et al. 2004 ), depending on whether vegetation dynamics are studied in lumped (e.g., Walker et al. 1981) or spatially extended (e.g., Jeltsch et al. 1996; Rodriguez-Iturbe et al. 1999b; van Wijk and Rodriguez-Iturbe 2002) systems; whether deterministic (e.g., Walker et al. 1981; Walker and Noy-Meir 1982) or stochastic (e.g., Jeltsch et al. 1996; van Wijk and Rodriguez-Iturbe 2002) frameworks are used in the modeling of tree-grass interactions, disturbances, and climate regimes; and whether tree-grass coexistence results from competition (e.g., Walter 1971), demographic dynamics (e.g., Higgins et al. 2000) , mixed competitiondemographic processes (e.g., Anderies et al. 2002; van Langevelde et al. 2003) , or landscape heterogeneities (e.g., Kim and Eltahir 2004) . This article investigates whether the demographic dynamics resulting from stochastic firevegetation interactions may induce tree-grass coexistence in spatially lumped systems.
We consider the case of mesic savannas, which, in the absence of disturbances, tend to be dominated by woody plants (e.g., van Langevelde et al. 2003) . In these systems,
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Figure 2: Dependence between the probability of fire occurrence and fuel load (i.e., grass biomass) in two different years at Kruger National Park, South Africa. (Redrawn from van Wilgen et al. 2003.) competition can slow down the growth of tree biomass but is unable to induce a stable state of tree-grass coexistence. Thus, the temporal dynamics of tree biomass can be modeled without explicitly accounting for interspecies competition. The relatively slow demographic growth of woody vegetation (e.g., Scanlon et al. 2005 ) enables grasses to use space and resources left available by trees after fires. However, in periods between fire events, trees are able to reclaim space and resources from grasses because no niche separation is assumed to exist and trees are able to outcompete grasses.
We characterize the state of the system through the state variable, V, representing the total woody biomass. The value of V ranges between 0 and a maximum value (the ecosystem "carrying capacity"), V max , sustainable with the existing resources (i.e., water, nutrients, and light). Grass biomass is assumed to be proportional to the available resources,
. We assume V max to be constant in time V Ϫ V max and normalize V with respect to V max ; that is, v p
The growth of normalized tree biomass, , in periods v between fire occurrences is modeled with a logistic equation; that is, the growth rate is assumed to be proportional both to the existing tree biomass, , and to the available v resources, . The temporal dynamics of are then
dt where a measures the inertia of the system, that is, the encroachment rate of trees and shrubs, and F( ) rept, v resents the disturbance caused by fires, which is multiplied by to account for the fact that the amount of woody v vegetation destroyed by fires is proportional to the existing tree/shrub biomass. The random and intermittent occurrences of fires are modeled as a (marked) Poisson process, F( ), of rate l (e.g., van Kampen 1992) . Thus, the time t, v between two consecutive fire occurrences is an exponentially distributed random variable with mean 1/l (e.g., Li et al. 1999; Favier et al. 2004) . Because in mesic savannas the average fire frequency, l, is known to increase ( fig. 2 ) with the grass biomass (which, in turn, is proportional to ), l is here modeled as a linear ( [1]) with spatially lumped competitionbased models (e.g., Murray 1989): first, competition requires that two or more state variables (e.g., Walker et al. 1981; Anderies et al. 2002; van Langevelde et al. 2003) are considered (i.e., as many state variables as the number of competing species), second, most of the spatially lumped competition-based models do not need noise to induce tree-grass coexistence (Walter 1971; Walker et al. 1981; Walker and Noy-Meir 1982) , and finally, the emergence of competition-induced coexistence is generally achieved through spatial or temporal niche separation (e.g., Walker et al. 1981; Walker and Noy-Meir 1982) and/or competition for multiple resources (e.g., Eagleson and Segarra 1985) . In these models, coexistence is obtained either by shifting the stable state from conditions of complete tree or grass dominance to intermediate stable states of treegrass codominance (e.g., induced by niche separation) or by causing the emergence of multiple stable states (e.g., resulting from positive feedbacks), with at least one of these states having a tree-grass mixed configuration (e.g., Walker et al. 1981) . None of these features appears in the model presented in this article; we focus on the case of systems that in the absence of disturbances tend to be dominated by trees. In particular, we investigate how firevegetation interactions-instead of interspecies competition-can favor coexistence. This fact enables us to use only one state variable and one dynamic equation. Moreover, because of the stochastic character of fires, their occurrences are here modeled as a stochastic process. The following section will show how the interaction of fires with the deterministic part of the dynamics (i.e., vegetation encroachment) shifts the stable state from conditions of complete tree dominance to a state of tree-grass coexistence.
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Equation (1) 
show that for to be nonnegative, q needs to be
≤2. Thus, q is modeled as an exponentially distributed random variable (Li 2000) in the interval [0, 2] ; that is, q ranges between 0 and 2 and has probability distribution
The parameter q 0 tends to the average fire intensity for small values of q 0 . Thus, in this study we will refer to q 0 as the "average fire intensity." The bound of q at q p 2 accounts for the fact that the amount of woody biomass destroyed and consumed by fires cannot exceed the value of existing in the course of fire occurrence. Thus, there v is no finite probability that the process will reach the state . This prevents woody species from remaining ex-
tinct as a result of particularly severe fires. Thus, even after the complete destruction of aboveground (woody) biomass, the encroachment rate of trees and shrubs is different from 0, leading to the recolonization of the landscape by woody vegetation. This assumption is justified by the existence of external inputs of seeds and the ability of tree roots to survive fires even when the aboveground biomass is killed. Root survival allows the regeneration of woody vegetation by sprouting and coppicing (e.g., Higgins et al. 2000; Chidumayo 2004; Sankaran et al. 2004 ).
To gain analytical tractability, we transform equation (1) into an equation with no multiplicative noise (e.g., van Kampen 1992, p. 230) , 
The (steady state) probability distribution of is then v determined as a derived distribution of p(y), The integration of the exponent in equation (5) leads to a beta distribution (e.g., Johnson et al. 1995) ,
with normalization constant 
Results

Fire-Induced Tree-Grass Coexistence
We first use the probabilistic model in equations (1)- (5) to study the emergence of fire-induced tree-grass coexistence in the absence of feedbacks between vegetation and fire frequency (i.e., ). We note that because of the b p 0 multiplicative character of noise, the amount of tree biomass killed by fire occurrences still depends on the existing woody biomass. Therefore, even if the intensity q 0 of noise is independent of , the effect of fires on the dynamics of v woody biomass is modulated by itself.
v Figure 3A shows that the modes of the proba- these conditions, the most probable (i.e., frequent) configurations of the system are favorable for tree-grass coexistence. These properties of vegetation dynamics can be characterized through the analysis of the "stochastic potential," , associated with equations (2) and (3), U (v) , (e.g., van Kampen 1992, p. 332 fig. 3, insets) represents a sta- tistically stable state of the system (e.g., Porrà and Masoliver 1993 . This result suggests that changes in the fire regime have a strong impact on the ecosystems structure. A decrease in fire frequency due to, for example, overgrazing or fire suppression ( fig. 1 ) leads to tree/shrub encroachment ( fig. 3B ). The opposite effect is caused by an increase in the average frequency, l, and/or "intensity," q 0 , of fires ( fig. 3C) . Thus, the proposed probabilistic framework shows that changes in the fire regime alter the disequilibrium between woody and grass vegetation and may convert savannas into woodlands or grasslands, depending on how the system is disturbed ( fig. 1 ). Figure 4 shows the dependence of the shape of the distribution on the parameters of fire and vegetation dynamics. In this figure, the curves a-c divide the parameter space into five zones characterized by different dynamic behaviors. For relatively low values of l 0 / a, the mode of is , and the preferential state of
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the system corresponds to a woodland (zone I in fig. 4 ).
For relatively large values of l 0 /a, the mode of is v , suggesting that the system tends to be dominated Notice how the dynamic behavior of the system depends on the ratio l 0 /a, suggesting that the same behavior can be attained with different combinations of fire frequency and tree/shrub encroachment rates (i.e., of the parameters l 0 and a). Figure 4 also shows that within a small region in the parameter space (zone IV), exhibits U-shaped probability v distributions. Because the modes of p( ) are associated with v minima of the "stochastic potential" (i.e., statistically stable states), we interpret bimodality as a sign of bistability (e.g., Porrà et al. 1993) ; that is, both woodland and grassland conditions have high probability of occurrence. The following section will show how the fire-vegetation feedback may increase the size of this domain at the expense of savanna stability.
The Effect of Fire-Vegetation Feedbacks
The results shown in figures 3 and 4 (solid lines) do not assume the existence of any feedback between vegetation E84 The American Naturalist ) enhances the b ( 0 bistability of the system by shifting the line c to the right (e.g., dashed line c ). The properties of the beta distribution (e.g., Johnson et al. 1995) can be used to determine the expressions of these lines: a, ; b,
and fire regime (i.e., ). Indeed, these feedbacks exist b p 0 and are due to the fact that the fuel load is mostly contributed by grasses, which occupy a fraction of the landscape proportional to . Thus, the likelihood of fire occur-1 Ϫ v rence is generally observed to increase with the grass biomass and to decrease with the density of woody plants ( fig.  2) . To assess the impact of this feedback on vegetation dynamics, we have expressed the frequency l of fire occurrence as a (linear) function of and studied the dynamic behavior v of the system with different strengths of the feedback. Figure 5 shows an example of a probability distribution of , obtained in the presence of fire-vegetation feedbacks
). This distribution exhibits two different b ( 0 modes ( and ), suggesting that the system ϩ ϩ v p 0 v p 1 has higher probability of being either in the grassland or in the woodland state, while intermediate conditions (i.e., savannas) have a relatively low probability of occurrence.
The stochastic potential exhibits the characteristic shape ( fig. 5 , inset) with two minima (or "potential wells") separated by a maximum (statistically unstable state, or "potential barrier"). The role of noise is to drive the transitions of the system between these two statistically stable states. Figure 4 shows that the emergence of U-shaped probability distributions of does not require the existence of a feedback v between fires and vegetation. However, when such a feedback exists (i.e., ), bimodal (U-shaped) distributions b ( 0 occur within a broader range of the parameters because the line c in Figure 4 shifts along the positive direction of the l 0 /a axis (see dashed line c ). The shift of line c implies that the bistable domain tends to replace savannas as intermediate conditions between woodland and grassland.
Savannas require conditions of partial use of space and resources by woody vegetation. The emergence of bistable dynamics suggests that these conditions of partial tree cover can be statistically unstable and that fire-vegetation feedbacks tend to weaken disequilibrium mechanisms of tree-grass coexistence. Figure 6 shows the different statistically stable (and unstable) states of the system as a function of the parameter l 0 and of the ratio b/ l 0 , expressing the strength of the feedback. It is observed that when the feedback is relatively weak (fig. 6A) , the system allows for the existence of stable savanna conditions between the v domains of grasslands and woodlands. As the strength of the feedback increases ( fig. 6B ), the transition between grassland and woodland becomes sharper, that is, with only a narrow interval of values of l 0 in which tree-grass codominance is stable. With even stronger feedbacks, the system becomes bistable ( fig. 6C ). In these conditions, the domains of woodland and grassland are separated (in the parameter space) by a region in which these two states are both statistically stable, while intermediate conditions (i.e., savannas) are unstable ( fig. 6C, dashed line) .
Discussion
The minimalist probabilistic framework developed in this study is used to investigate fundamental properties of firevegetation interactions. The results clearly show that fires can explain both the occurrence of tree-grass coexistence in mesic savannas and the emergence of multiple stable states in semiarid ecosystems.
We first investigated whether the stochastic dynamics of fire-vegetation interaction alone may support "disequilibrium" theories (e.g., Higgins et al. 2000) of tree-grass coexistence. These theories are based on demographic models of savannas (e.g., Sankaran et al. 2004 ) in which coexistence is maintained by disturbances rather than competition. In the absence of disturbances, one of the two vegetation types (woody vegetation or grasses) would outcompete the other. For example, the dynamics modeled by equation (1) are typical of semiarid savannas, where relatively frequent disturbances prevent the complete encroachment of woody vegetation (e.g., Anderies et al. 2002) . Our results indicate that in these ecosystems the interactions between vegetation dynamics and random fire occurrences may lead to the emergence of statistically stable conditions favorable to tree-grass coexistence without invoking the action of other disturbances or niche separation in the competition for resources.
We note that the presence of herbivores would not qualitatively change the results of this study (it would just modify the ecosystem carrying capacity and shift the mode of toward 1 or 0, depending on whether grazers or browsv ers were added to the system) unless a feedback were included between browsing rates and tree biomass. Such feedbacks may induce multiple stable states in the deterministic part of the dynamics, as discussed by Noy-Meir (1975) and May (1977) . Similarly, multiple stable states may emerge from (deterministic) tree-grass competition in the presence of positive feedbacks between resources and vegetation (Walker et al. 1981; Walker and Noy-Meir 1982) . In both cases, noise would play the role of driving the transitions between the two stable states of the system. These complex fire-vegetation-herbivory interactions have not been addressed in this study.
The only feedbacks considered in this article are those between fires and vegetation. It is found that these feedbacks enhance the emergence of bistable dynamics characterized by two preferential states of grassland and woodland, with conditions of partial tree/shrub cover (i.e., conditions favorable to tree-grass coexistence) having low probability of occurrence. This analysis provides useful indications on the impacts of fire management: when a strong fire-vegetation feedback exists, a decrease in the parameter l 0 (e.g., below
, in the case shown in l ≈ 0.50 1 fig. 6C ) may destabilize the grassland state and lead to an abrupt shift to shrubland or woodland. The model suggests that this change can be catastrophic (e.g., Scheffer et al. 2001) , in agreement with what has been observed in the southwestern United States and other regions around the world (Archer 1989; Van Auken 2000) . Inversely, an increase in fire frequency (e.g., above in fig. 6C ) l ≈ 0.85 2 can destabilize the woodland state and lead to a conversion into grassland. Once this conversion has taken place, the reestablishment of woodland vegetation requires fire suppression policies able to reduce l 0 to below l 1 .
Multiple stable states have been shown to occur in arid and semiarid ecosystems as a result of positive feedbacks between vegetation and resources (e.g., Walker et al. 1981) or disturbances (Dublin et al. 1990 ). The impacts of fires on these ecosystems are often modeled in conjunction with vegetation-herbivory dynamics (Dublin et al. 1990 ; van Langevelde et al. 2003) . These models predict the occurrence of bistability as a result of complex interactions among disturbances and require "external" interventions (i.e., changes in grazing or browsing pressure, fire suppression, etc.) to cause transitions between states. For example, the decline of woodlands has often been associated with an increase in browsing pressure (Dublin et al. 1990 ), which acts on the system as "initiator" of the woodlandto-grassland conversion, while fires play the role of "maintainers." A different mechanism (Dublin et al. 1990) assumes that the conversion to grassland is initiated by an increase in the frequency of anthropogenic fires, while browsers maintain low densities of woody vegetation. In both cases, two different disturbances (initiators and maintainers) are necessary to explain the emergence of multiple stable states because "with fire as the only agent of disturbance there would be only a single stable state in vegetation" (Dublin et al. 1990 (Dublin et al. , p. 1149 emphasis added) . Our results show that multiple stable states may occur even in systems affected only by fires. In this case the system could switch between the two preferential states as an effect of the noise inherent to the dynamics of fires, while the positive feedback would lock the system in these states without requiring a second disturbance playing the role of "maintainer."
